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Integrable billiards in ellipsoidal and related shapes are discussed. The emphasis is on the
computation and graphic presentation of energy surfaces in the space of action variables. Explicit
results, including figures, are given for spheres, circular cylinders, planar ellipses, prolate and

oblate ellipsoids.

Ich habe vorgestern die geoditische Linie fiir
ein Ellipsoid mit drei ungleichen Achsen auf
Quadraturen zuriickgefiihrt. Es sind die ein-
fachsten Formeln von der Welt, Abelsche Inte-
grale, die sich in die bekannten elliptischen
verwandeln, wenn man zwei Achsen gleich
setzt.

Konigsberg, 28. Dezember 1838

1. Introduction

The above citation! from a letter of Carl Gustav Ja-
cob Jacobi to his colleague and mentor Friedrich Wil-
helm Bessel, 20 years his senior, reminds us of a great
period in the history of the University of Konigsberg.
During that same year, Bessel had succeeded to mea-
sure the first stellar parallax, for 61 Cygni, and thereby
established the distance scale for neighboring stars to
be on the order of 10 lightyears. Jacobi’s achievement
of that Christmas week may seem comparatively un-
pretentious, and yet, in his memorial address of 1852,
one year after Jacobi’s untimely death at the age of
47, L. Dirichlet praises it with the following words

English translation: The day before yesterday, I reduced the
geodesic line for an ellipsoid with three unequal axes to quadra-
tures. The formulas are the simplest in the world, Abelian integrals,
transforming into the known elliptic ones if two axes are made
equal.

Reprint requests to Prof. P. H. Richter,
E-mail: prichter @ physik.uni-bremen.de.

[1]: “Diese Jacobische Entdeckung ist die Grundlage
eines der schonsten Kapitel der hoheren Geometrie
geworden, welches deutsche, franzosische und englis-
che Mathematiker wetteifernd ausgebildet haben.”?

Jacobi’s solution of the problem of geodesic motion
involves the introduction of ellipsoidal coordinates
which have proven to be of utmost importance both
in particle and wave mechanics. Without much exag-
geration it may be said that integrability of mechanical
problems is synonymous to separability which in turn
means that some sort of ellipsoidal coordinates are the
appropriate description [2], and elliptic or hyperellip-
tic integrals or functions the solution. Remember that
after half a century of Legendre’s single handed work
on elliptic integrals, their deep mathematical nature,
and elliptic functions as their inverse, were analyzed
in a flash of independent activities by Abel and Ja-
cobi, both in their mid-twenties at the time. Take that
together with Jacobi’s groundbreaking work in an-
alytical mechanics where he elucidated Hamilton’s
partial differential equation and put it to practical use,
it becomes apparent to what extent this giant influ-
enced the field of mathematical physics.

He saw himself in the tradition of Euler, Lagrange,
and Laplace, and followed their example in keeping
analysis pure, i. e., free from pictures. His publications
are clear and relatively easy to read even today, but
they are virtually devoid of illustrations. This attitude

2This discovery of Jacobi’s is the foundation of one of the most
beautiful chapters in advanced geometry which was shaped in the
competition of German, French, and English mathematicians.
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was criticized by Klein and Sommerfeld in their work
on rigid body dynamics [3], and we believe it pre-
vented even Jacobi from seeing some of the richness
that his analytical results contain. The present paper
is an attempt to demonstrate this for the problem of
billiard motion in ellipsoidal and related shapes.

The study of billiards as particularly simple exam-
ples of mechanical systems has itself a long history,
and has been revived in connection with recent inter-
est in the transition from integrable to chaotic behav-
ior [4], [5]. Jacobi has not explicitly studied billiard
motion himself, but an elliptical billiard in D dimen-
sions can always be understood as geodesic motion on
a (D+1)-dimensional ellipsoid, with one axis shrink-
ing to zero length. In that sense, Jacobi has indeed
provided all solutions.

But this is only true in principle. He has not cared
to present any study of the various possible types of
motion, of frequencies, or of action integrals. Interest
in these matters arose only much later, in connection
with the development of quantum theory after 1910.
Action integrals were then needed to arrive at discrete
spectra via quantization of the actions in units of 7z [6].
In modern times, they are a convenient starting point,
at least in principle, to discuss the breakup of invariant
tori under non-integrable perturbations [7], [8], [9],
[10]. Yet surprisingly few examples are known where
the calculation of energy surfaces in terms of action
variables has been carried out, and graphical presen-
tations given. Our own recent work on the classical
integrable cases of rigid body dynamics [11], [12]
has aimed at filling this gap. The present contribution
continues that effort with integrable billiards.

The paper is organized as follows. In Sect. 2 we
start with the elementary cases of spheres and cylin-
ders. In order to give an introduction to the spe-
cific new features in ellipsoidal shapes, we first treat
the two-dimensional case of billiard in an ellipse, in
Sect. 3; it is well known that there exists a separatrix
between two different types of motion. For the cases
treated in Sects. 2 and 3 we also present all informa-
tion about frequencies and winding ratios. The rest of
the paper is devoted to ellipsoidal billiards in three di-
mensions, with explicit results on energy surfaces for
ellipsoids with rotational symmetry: prolate ellipsoids
in Sect. 4, and oblate ellipsoids in Section 5. We do
not treat these billiards as four-dimensional geodesic
flow squeezed in one dimension, but rather directly
evaluate the Hamiltonian of three-dimensional free
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motion with elastic reflection, using appropriate co-
ordinates. In Sect. 6 we present the analytic basis for
a similar study of the general case, but the numerical
and graphical evaluation is left for the future.

The analytic complexity of a billiard inside a D-
dimensional ellipsoid is the same as that of geodesic
flow on the surface of a D-dimensional ellipsoid.
As Jacobi remarked in his note to Bessel, the gen-
eral case of geodesic motion on the surface of three-
dimensional ellipsoids involves Abelian, or hyperel-
liptic, integrals. Taking into account the motion inside
such ellipsoids does not increase this complexity. In
ellipsoids with rotational symmetry, the Abelian in-
tegrals reduce to ordinary elliptic integrals for which
there exists readily available numerical software. This
has determined the choice of problems treated in this

paper.
2. Spheres and cylinders

Consider first a freely moving point of unit mass
inside a sphere of unit radius, elastically reflected
upon encounter with the surface. It is well known
that this situation is separable in spherical coordinates
r,8, o, in which the Hamiltonian reads

1 1
H=_-p?+ —=pi+-——02, 1
2Pt aa Pt pagmgber )
together with the reflection condition
(@r, P9, Dp) — (=Pr,P9,Py) - 2

There are three obvious constants of motion: the
energy H, the total angular momentum squared,
pj +p?2/sin’ ¥, and the z-component of the angu-
lar momentum, p,,. Their respective constant values
will be called E, L? =: 2Ei? and P, =: v2E . The
admissable ranges are 0 < ? < 1, -1 < I, < ; E
is a scaling parameter and, without loss of generality,
may be put equal to 1/2. Except for critical cases to be
discussed separately, every allowed triple (E, P ly)
defines a 3-torus® in phase space. Three natural fun-
damental cycles around these tori are

C,:dr=d9=0,
Cy:dr=dp=0, €))
C, :dp=dd =0.

3The discontinuities in momenta associated with elastic reflec-
tion present can be dealt with in such a way as not to destroy the
picture provided by the Liouville-Arnol’d theorem.
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The corresponding actions are easily determined:

I, Py

Ils\/ﬁ=%fc¢ﬁd¢=zw

L= &:%f;a%dﬂ
=5 ¢ \JE-1z/so av
=1—|ly], @

I, 1 g

I = \/ﬁ:zr-fr\/%dr
=%fmdr
=~ (sing — | cos g,

where cos¢ =1.

The angle ¢ (0 < ¢ < 7/2) has a simple interpre-
tation as being the angle between a trajectory and
the tangent plane to the sphere at the point of its last
reflection; this is obviously a constant of the motion.

With these formulas we may plot the energy sur-
face E =const in action space, as shown in Figure 1.
It has the shape of half a tent, symmetric with respect
to the plane I; = 0, and piecewise linear (|, |+, = [)
in cross sections I3 = const. The full five dimensional
energy surface should be visualized as a standard 3-
torus of angle variables being attached to each point
of this 2D-surface. When one of the three actions
vanishes, the 3-torus degenerates to a 2-torus or else
becomes foliated by 2-tori. Thus I, = O character-
izes geodesic motion on the surface of the sphere
(r = 1); for Iy = O the billiard takes place in the
equatorial plane ¥ = 7/2. Both situations are crit-
ical cases, corresponding to 2-tori in phase space.
On the other hand, the condition I, = 0 holds for
planar billiards where ¢ =const, each constant be-
tween 0 and 27 labelling a different 2-torus. In the
four corner points of the tent, the tori degenerate even
further. The top (I, I, Is) = (0,0, 1/7) corresponds
to linear periodic motion through the sphere’s center,
with zero angular momentum, and arbitrary direction.
The points (I, I, I3) = (£1,0,0) represent circular
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motion along the equator, in the two possible direc-
tions; these are two 1-tori in phase space. Finally, the
point (0, 1, 0) characterizes circular motion in planes
¢ =const.

I

2
Fig. 1. Energy surface of a spherical billiard. The actions

are plotted in units of v/2F . I is the 2-component of the
angular momentum, I, the action of the ¥}-motion, and I3
the action of radial motion. I3 depends only on the total
angular momentum |I;| + I5. Lines I3 = const are drawn
for equidistant values of the total angular momentum.

The period of the 7-motion, from minimum to max-
imum and back to minimum, is 7, = 27 /w,,

oI,

ol sin ¢
" 3E

V2E

The period T’ of the ¥-motion is most easily obtained
from (5) and the winding ratio

T, =2

®

L,h

T,
Wy = —=—=
19' Ts wy

A,
o,

Wy

= -(?- 6)
T

E,I,

The period T, of the p-motion is the same, as can be
inferred from the winding ratio

_ 9%
oI,

w¢=

Wos = =sgn(l,) = £1. (7)

E,I.

Wy

This degeneracy is related to the fact that any given
motion takes place in a plane perpendicular to the
fixed angular momentum vector. The normal to this
plane has an angle arccos(l,,/I) with respect to the
z-axis. The identity of the two frequencies w,, and wy
reflects the absence of precession. For the 3-tori at
given actions this means they are foliated by 2-tori.
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For comparison, consider a cylindrical billiard, of
radius r = 1 and height h. The Hamiltonian in cylin-
drical coordinates reads

1 1
prz + —pzpz + _pzza (8)

H = 2r2 2

[ Sl

and again we assume elastic reflection at the surface.
The constants of motion are the total energy H = E,
angular momentum p, = P, = V2El,, and the
energy of the z-motion, p?/2 = E, =: Ee,. The
natural choice of actions at given values (E, 1, e;)
leads to

I,

I, = =1,
1 \/—2—- %~}
IZE L =E €z,
2E 0w
I, 1 9)
= =— 1—e,—12/r2d
I3 T f \/ e ‘p/r r

=%\/1 —e, (sing — @ |cos @)
with cos¢ = |l,|/v/T—e,.

The angle ¢ is again the angle between the tangent
plane to the cylinder’s lateral surface and a trajec-
tory after reflection. Taking the differential of the last
equation, we find the following expressions for fre-
quencies, or periods:

o= 2Bl _avaEYL=% g
ol; Lh sin ¢
gy == oL = T \2Ee,, a1
|, h
WW=“’—*’=-9{3 =12 12)
" Wi ol; B T

The energy surface in action space is shown in Fig-
ure 2. On the plane I, = 0 it coincides with the Iy, =0
limit of the spherical billiard; both cases represent a
planar circular billiard of radius 1. For I,. = 0 the mo-
tion takes place on the cylinder’s lateral surface, and
for I, = 0 on a rectangle ¢ = const. The correspond-
ing lines on the energy surface are half or quarter
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ellipses, respectively,

2
2, T 4o _
I+ 17 = 28 (L=0), (13
212+ 12 = 9p (I,=0). (14)
r h2 z - (" &
1
I
1

I
2

Fig. 2. Energy surface of a cylindrical billiard, h = 7 = 1.
I, is the z-component of the angular momentum, I is the
action of motion along the z-direction, and I3 the action of
radial motion.

3. The planar elliptic billiard

Consider the following elliptic boundary in the
(z,y)-plane,
2

7} Y

-+ —— =1 0<ax<l. (15)
1 —a?

With @ varying from O to 1, we have a family of
boundaries connecting circles to thin slabs. The major
half axes of all these ellipses are normalized to 1. Their
foci are at (z, y) = (%a, 0).

A natural system of orthogonal coordinates (¢, 1)
is given by the sets of confocal ellipses £ =const and
hyperbolas 1 =const [13]:

1 1
(@,9) = (5 én, - V(€ - a)a? - n2>) , (16)
where the coordinate ranges are

a<€<1, —a<n<a. amn
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¢ " U

: — 1 1=

a T T
—
7N

Fig. 3. Phase portraits of the planar elliptic billiard; a = 0.4, k-values 0.1, 0.3, 0.35, 0.4, 0.45, 0.7, 0.99. Left: intersection
of invariant tori with the (&, p¢)-plane; right: intersection of invariant tori with the (7, p,)-plane. The outermost curves
of the left picture correspond to the center at right; the outermost curves of the right picture correspond to the point
(&, pe) = (1,0). Note that, if this set of pictures is meant to describe motion in the upper half plane, y > 0, another such

set is needed for the lower half plane, y < 0.

Two sheets of this coordinate set are needed to cover
the y > 0 and y < 0 halves of the billiard.

The Hamiltonian of free motion inside the billiard,
in terms of (¢, n)-coordinates and corresponding mo-
menta (p¢, p,), reads

1
e —n?

1
H=3 (€ = a®pd + (a® —nP)p,}) . (18)

Two types of reflection must be considered. One is
the physical reflection at the boundary £ =1,

(&, pe, Py) — (€, 1, —De, Py) (19)
without change of coordinate sheet. The other is a
formal reflection whenever the sheet boundaries £ = a
or ) = *a are reached during the motion. At ¢ = a,
the rule (19) applies together with a change of sheet.
Similarly at » = =+a, there is a change of sign in
Pn, together with a change of coordinate sheet. (The
formal reflection might be turned into a physical one
by considering a billiard in a half-ellipse.)

The elliptical billiard is integrable as the two coor-
dinates £ and 7 can be separated. Multiplying (18) by
€2 — n?, we find a separation constant K :

2E€* — (£ — a®)pd
2En* +(a* — nP)p2

K
K

:2E K%, (20)
:2EK*. (21)

For the scaled constant of motion &2, it is easy to see
that the allowed range of values is 0 < x? < 1.
The case x = 0 corresponds to a motion where
(m, py) = (0,0), i. e., oscillation along the y-axis. The
other extreme case, k = 1, holds for (£, p¢) = (1,0),
which characterizes sliding motion along the billiard’s
boundary. To get an intuition about the meaning of
consider the limit @ — O where the ellipse degen-
erates into a circle. The relation of elliptic and ordi-
nary polar coordinates is then (§,7) — (r,acosp)
which implies (p¢, p,) — (r, —Pp,/a sinp). There-
fore k? — 12; not surprisingly, x* generalizes the
angular momentum squared.

Let us discuss the invariant tori defined by given
values of E (which can be assumed 1, as always in
billiards without potential) and «. Their intersections
with the (£, p¢)- and (n, p,)-planes are obtained by
solving (20) and (21) for p, and p,:

2

2 2

2
K2 —1
28

2

Pe = 4

Py

2B S ~ (22)

€ —
Figure 3 shows that there are two types of tori, with
a dividing separatrix. For k2 > a2, the &-values are
restricted by k < € < 1, whereas 7 can assume all
values. We call these tori type I; they resemble those
in a circular billiard, £ corresponding to the radial, n
to the angular coordinate. In configuration space, the
ellipse £ = & plays the role of an inner envelope to the
motion, where p, becomes zero and changes sign. For
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k* < a?, on the other hand, there are no restrictions
on £ but on n: —k < n < k. We call these tori
type II; they resemble those in rectangular billiards,
¢ playing the role of the y-coordinate, and 1 of z.
The hyperbolas = £k act as the vertical reflecting
boundaries. The separatrix motion (k?> = a?) is the
only one that reaches the foci. It is asymptotic to the
unstable oscillation along the z-axis.

We can now turn to the computation of the ac-
tions. The two cases of type I and type II motion must
be distinguished, and care must be taken to identify
closed paths around the tori, given the two coordi-
nate sheets. Let us begin with type I orbits, k> > a2.
The corresponding tori have a radial - and an angu-
lar n-coordinate. The n-coordinate, using both sheets,
encircles the foci in opposite senses which we shall
distinguish by a + sign. Taking the action along one
full loop, we are led to a complete elliptic integral,

Il = _.I" =i _pLdn
VvV2E 2w V2FE
2 r K2 —n?
=22 [5=ha @
0
12 g%,
™ K

The £-action requires a £-integration from minimum
(k) to maximum (£ = 1) and back to minimum:

I, = L =—1- _Pe_
V2E 27 v2E

(24
Sy =T

This is an incomplete elliptic integral which may be
expressed in terms of canonical forms [14], [15], [16]:

L= (sins-r&@Y)
™ I‘Lz 25)
with sin? ¢ = Sl

1—-a?"’

We use the notation £(¢, k) for incomplete, and £ (k)
for complete, elliptic integrals of the second kind,
with amplitude ¢ and modulus k.
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Together, the results (23) and (25) define the two
components of the type I branch of the energy surface.
In the limit @ — 0, the planar circular billiard should
be recovered, i. e., the I; = O result of the spherical
and cylindrical billiards. This is indeed the case, as
£ — r,pe — pr, k> = p2/2E, cos$ = p,/V2E,
and £(¢,0) = ¢, £(0) = 7/2, so that

E
I, — (sing — ¢|cos@|) = I,
andI,, — p, = I, .

(26)

The limits k2 — 1 and k2 — a?+ can also be
treated explicitly. Evaluating the integral (24) for
near 1, and using 9d£(k)/dk = (E(k) — K(k))/k in
(23), K(k) = F(5,k) being elliptic integrals of the
first kind, we get

I ~ :tl (2€(a) — (1 — KHK(a))

(k —1). 27)
. 1 (1- 2)3/2
T V1 -a?

This describes the “whispering gallery” behavior of
the elliptical billiard. The action values at the sep-

aratrix k> = a2, coming down from k> > a?, are
determined by elementary integration:
2a
I =
(K* = a’+). (28)
l1—a
IZ = )
T

Let us now determine the actions of type II motion,
k? < a?. The n-motion is now also oscillatory, but it
suffices to stay between —« and « on a single sheet.
I, is therefore continuous at the separatrix. We obtain

=t

== (as( )— =
™

2E 29)

).

There is only one sign because of the oscillatory char-
acter.
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Fig. 4. Energy “surfaces” of elliptical
billiards. The action I; of (angular) n-
motion is plotted versus I, the action
of (radial) £-motion, for different val-
ues of a: a =0, 0.4, 0.8, 0.95. Note the
different scales for I; and I;. Except
for a = 0, each energy surface consists
of three pieces, two with high |I;| rep-
resenting rotation of 7, one with low I;
and high I, representing motion be-
tween the foci. The dotted lines con-

In ¢-direction, to get a complete path around an
invariant torus, both coordinate sheets must be tra-
versed back and forth. At the separatrix, this makes
for a jump by a factor of 2 in I. We get

L= / 52_"

2 30

: (smw+ < rep, %) -atw, —))( )
1 —a?

with sin®%) = 2

The limit kK — 0 can be obtained by elementary
integration. We find

KZ

E)
2 K2
L~ p (\/1 —a? — Earccosa) ,

This makes for a linear relation between the two ac-
tions, in this limit.

Figure 4 summarizes the results (23), (25), (29),
and (30) for a number of different values of a. For
given a, the energy surface consists of three contin-
uous pieces, each characterized by its particular type
of n-motion: clockwise rotation outside the foci (high
I,,,low I;), oscillation between the foci (low I, high
I¢), and anticlockwise rotation outside the foci (neg-
ative I,)).

Il ~
(k= 0). 3D

nect the loci of separatrix motion, cf.
1 (28) for the lower branch.

The energy surface contains all information about
frequencies and winding ratios. The easiest quantity
to be derived from the above results is the winding
ratio

w ol
%% € = =l —é =
" w€ BI,, E

0l /0K |g
3L,/Ks Y

Taking the derivatives with respect to the separation
constant K in the integrals defining the actions, we
find

i% %7/;) (@<k<1).
Wye = a '; (33)
F@,k/a)
_ < .
K(x/a) , O<Kk<a)
The asymptotic behavioras k — 1 and kK — 0 is
1 1 - k2
s A s {5 o 1),
—a?’
Wpe — 2K@) {1 —a (34)
% arccos a, (k — 0).

Figure 5 shows how the winding ratio varies as a
function of the action I, for the same values of a as
in Figure 4.

It is a little more difficult to obtain the individual
frequencies w, and w,. Of course, it suffices to com-
pute w¢ because w, can then be obtained with the help
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0.5

of (33). Considering I and I,, as functions of F and
K, we use

1 _ 0I oI oI
5?"3_1?[ =
_O0L| _ dI| dr (35)
_B_Ei - I E
=%% +
K

to determine we. So all we need besides the winding
ratio W, ¢ are the two derivatives of the actions with
respect to E, at constant K. This is best done directly
under the defining integrals. For a < k < 1, we find

afg - ; a a
aE - 7{'\/_(SIn¢+K/]:(¢’;)_K/S(¢’;(;)6’)
oy| __ 2

Eoi i (k& -e),

which may be combined with (35) and (33) to give
the ¢-period

TE=-2—7T= G

o = 7 (0 - x26,0), 67

where

Z(¢,k) = E(9,k) — E(k)F(9,k)/K(k)  (38)

11 Fig. 5. Winding ratio W, ¢ for ellip-
1 tical billiards, plotted against I;. The
values of a are the same as in Fig. 4.
Separatrices show up with typical log-

arithmic divergence.

is Jacobi’s Zeta-function. Note that Z(¢,0) = 0.
Very similar relations can be derived for the pa-
rameter range 0 < k < a. Using

815 _ . K K
3E |, m/zf(S‘W*“f‘w’z)‘““"”a(;)g’)
A, 2

3|, (Y@ 5Q)

we obtain the ¢-period from

2w 4 . K
Ty = oy (smw . aZ(w,;)) .(40)

Figure 6 presents the results as functions of I, for
the same a-values as in Figure 4.

4. Prolate ellipsoids
The prolate ellipsoid

2 Y2 +22

1 —a? ok

T

O0<ax<l (41)
derives from the ellipse (15) via rotation about the z-
axis. The corresponding rotational symmetry ensures
the existence of a third constant of motion, namely,
the z-component of the angular momentum. Deter-
mination of the actions is therefore no more difficult
than in the planar case of an ellipse.

The coordinates (£, 17, ) are the natural extension
of the elliptic coordinates of the previous section, ¢
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1t

being the angle of rotation about the z-axis. Their
relation to the cartesian (z, y, z) is

1
(z,y,2) = (;1- én, A cosp, A sin<p) X

(42)
A= E@- D@,
with coordinate ranges
a<€<1,-a<n<a 0<p<2m.  (43)

A single sheet of these coordinates covers the ellip-
soid. The Hamiltonian is

1
52 - ,,72
R
2 (&2—-a)@*-n?)’

H =

(€ = a®pd + (@* —nPp})
(44)

N =

and the elastic reflection at the boundary £ = 1 is
described by

&, 1,9, Pe, Py Do) = (€1, 9, —Dgy Py Py) - (45)

There are no further artificial reflections to be taken
into account.

1 Fig. 6. The period T¢ of £-oscillations

1 as a function of I;. The values of a are
the same as in Fig. 4.

The system has three constants of motion: the total
energy H = E, the angular momentum p, = P, =:
V2E 1, and the separation constant K = 2Ex?,

a2 P 2

2E¢* — (&% - aV)pd - e —2; = K,@6)
2 P 2

2Ent+ (a2 — P)pt+ 2 = K. (47)

aZ — 12

In the limit a — O, the elliptic coordinates re-
duce essentially to spherical coordinates, (£, 7, ) —
(r,acos¥,p), and the momenta (p¢,pn,P,) —
(pr, —ps/asind,p,) correspondingly. The separa-
tion constant K becomes the total angular momentum
squared, K — p? +p2/ sin? 9.

The allowed ranges of ,, and ? are

—V1=-a? <l, <V1-a?
(48)
al?

2 2
and 1<k _<_1—1_a2.

The physical interpretation of the extreme cases is
the following. For I, = £v/1 — a?, all energy is in
the p-motion, with (§,n,p¢,py) = (1,0,0,0); this
means the particle slides along the ellipsoid’s equator.
The value of x? is then necessarily equal to [ 2. In
general, when K2 = l(f, the motion is restricted to
the equatorial plane, (1, p,) = (0,0), with {-values in
the range a® + 12 < £ < 1. The effect of a finite
angular momentum [, is to keep the particle away
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Fig. 7. Phase portrait of billiard mo-

from the z-axis. At the other extreme, when x? =
1 —a?12/(1 — a?), the motion is restricted to the
ellipsoid’s surface, (¢, p¢) = (1,0), the values of 7
being confined to the range * < a® + &> — 1. With [
growing towards its maximum possible value 1 — a?,
the geodesic motion takes place in an equatorial belt
of decreasing width.

The invariant tori for given E, l,,, and x? are again
the direct product of three circles, ¢ € S' and two
related circles in the (§, p¢)- and (7, p,)-planes, ob-
tained explicitly by solving (46) and (47) for p and
Pn-

(€ = n)(E —n))

2 —
p? = o TN — )
n @—mpy

where n; and n; are defined by

i = % (az+ﬂ2i\/(a2—n2)2+4a21g )

(50)
with O0<m<a<n <l1.

Figure 7 shows these tori for a = 0.4 and [, = 0.4.
In contrast to the planar elliptical billiard (cf. Fig. 3),
there is no separatrix here because the centrifugal
potential keeps the motion away from the z-axis, for
any I, # 0. There is no discontinuity in the types of
motion any more; the £ and 7 coordinates both vary
in an oscillatory manner.

v

aTl tion in a prolate ellipsoid. a = 0.4,
l, = 0.4. Equidistant values of x* have
been chose. Left: intersection of invari-
ant tori with the (£, p¢)-plane; right:
intersection of invariant tori with the
(n, pn)-plane. There is no separatrix.

The computation of actions is now straightforward.
With an obvious definition for the integration paths
C,, Cy, and C¢, we have

I 1 D
I £ = hd = |
1 r———2 2 ‘%;‘w °E dlp "]

L= 2 =LY4 P gy
" V2E 2m Jo, V2E
ny
_2 / Vo =P =
T a? —1? ‘
; 7 (51)
I 1}{ Pe
s —fte=— ¢ =24
=ru b s

de.

62_‘12

1
_1 / VE =€ -nj)
™

Using standard methods, and notation as described in
[14], the integrals I, and I3 can be expressed in terms
of elliptic integrals. Being a complete integral, I, is
the simpler one of the two. With

2
n

and o’= —%

n a

(52)
we find

L= % (5 = D) Kk) + i £(k) — 11T (o, K)) ,
(53)

where IT(a?, k) is a complete elliptic integral of the
third kind. Numerically it is advantageous to have a
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negative parameter o, which may be achieved by
means of the addition theorem ((117.03) in [14])

a? 1-k?
0@ 0 =15 g 140
k2 4
el 9
k? — o?
. 2 _
with (= -2

With o? and k as given in (52), we have

2_ .2
B=T1"% 2, (55)

The action I, is thus given by

2 2 3 a? l<p2 2
12=— (K —n1+-2—2)IC(k:)+n1€(k)
™ ny—a (56)
__CLMiond) g ).
(n% — a?)(a? — nj)

The action I involves incomplete elliptic integrals,
with parameters

2 2

2
ng , a° -—-njy ., 1 —ng
k=— = — = —; 7
n 'Y n%_az,smx - (57
the result is
1 al?
L=— ((-k*+n%+ 2 k
3 ™m <( K U3 az_n%)f(X) )
- nfé’(x,k) + npsiny (58)
a2l2(n2_n2)
p \'1 2 2
- II(x,—v,k) ).
(n% — a?)(a? — n3) W=7 )>

Figure 8 gives a graphical illustration of the en-
ergy surface in action space. It resembles the half
tent structure for the spherical billiard, cf. Fig. 1, and
indeed, for I; = 0 the two figures coincide up to a
scaling factor v/1 — a? in the actions I; and I3 which
accounts for the radius of the ellipsoid’s equator.

The condition I, = 0 is characteristic of motion
confined to the equatorial plane, i. e. it describes the
situation of a planar circular billiard. It is obtained
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Fig. 8. Energy surface for billiard motion in a prolate ellip-
soid. I; is the angular momentum component with respect
to the symmetry axis; I is the action of 7-motion; /3 is
the action of £-motion. The black dot at (I3, I,I3) =
(0,2a/7, (1 — a)/7) marks the singular point which cor-
responds to motion through the foci.

with (9, p,) = (0,0) which implies x? = 1.2, ny =0,
n? = a? + k2. The parameters in the elliptic integrals

are therefore

. 12
sinfxy=1-n?=(1-a?{1 - : jaz) (59
= (1 — a®)sin’ ¢

Using the identities F(x,0) = £(x,0) = x and

1
I(x,—*0) = ﬁmcm(vl+72 tan x),

(60)
we find
V2FE
I = (sinx — Iy #)
T (61)

\/2E(1 — a?
— #l(sincb— ¢ | cos |),

which agrees with the result for I5 in (4) if the radius

of the equatorial circle is taken into account.
Another special situation occurs for I, — 0. This

condition characterizes the limiting case of a planar
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elliptic billiard. We should expect it to coincide with
Fig. 4, but at first glance it doesn’t. The reason is
that the prolate ellipsoid derives from rotation of only
half the planar elliptic billiard about the z-axis; the
other half is generated by rotation with angle 7. As a
consequence, the I,, < 0 part of Fig. 4 disappears, and
I, is reduced by a factor 2 in the small I, regime. This
makes for a continuous curve I,, vs. I, for I, = 0,
with only a weak singularity (logarithmic divergence
of the derivative) at the separatrix I,/v2E = I, =
2a/m. Analytically it is straightforward to derive the
actions of Sect. from (53) and (58). For type I orbits,
or k2 > a?, we have n? = x? and n} = a?; for type
II orbits, it is the other way round. In any case, (23),
(25), and (29), (30) follow immediately.

If the lines I,, = 0 and I, — O of the energy
surface in Fig. 8 could be identified as familiar cases
of planar billiards, the situation is different for I = 0.
This condition characterizes geodesic motion on the
ellipsoid’s surface, (£, p¢) = (1, 0). Using

al?
n2=1——“’2, n=1,nl=a?+k% - 1=k
- (62)
1-—a
2 2
azvﬁ K2n27
we can reduce (53) to
2[2
L = 3<_ Lo Kk + Ek)
T l1—a
(63)

~1EH{1 -

l2
)

and (56) to

I = % (Ek) — (1 = KHIT(=F% k). (64)
The first of these two equivalent results is best suited
to recover the result I,,/v/2E = 2£(a)/~ for motion
along an ellipse € = 1, ¢ =const, cf. (23) in the limit
& = 1. The second formula (64) gives the limit I,, = 0
for circular motion more easily, as k = f = 0 and
£(0)=11(0,0) = 7/2.

There is a 1-1 correspondence of points (1., I, I¢)
on the energy surface shown in Fig. 8, and the invari-
ant 3-tori characterized by the constants of motion
(E,1,, k). If one of the actions vanishes, the tori are
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critical or foliated by 2-tori. If two actions vanish si-
multaneously, they degenerate further. This is the case
for

1. I,=1,=0,I/V2E =1 — a* /:linear os-

cillatory motion in the equatorial (y, z)-plane;

2.1, =1 =0, I,/V2E = 2&(a)/n: geodesic
motion along an ellipse £ = 1, ¢ =const;

3. I =1,=0,1,/V2E = £+1 — a?: geodesic
motion along the equator, the direction depend-
ing on the sign of I,.

There is one more critical 1-torus, corresponding
to an unstable periodic orbit: it corresponds to the
separatrix in the case of a planar elliptic billiard,
Uy, Iy, I)/V2E = (0,2a/7,(1 — a)/m). The mo-
tion is linear oscillation along the symmetry axis of
the ellipsoid. But note that in this particular case, the
constants (E,l, = 0,k = a) do not only specify this
critical torus but also its stable and unstable mani-
folds.

5. Oblate ellipsoids

The oblate ellipsoid

2 Y 2

T +1—+z =1 (0<a<l) (65

a2
derives from the ellipse (15) via rotation about the
y-axis. The foci thereby form a circle of radius a in
the (z, z)-plane, and this must be expected to have a
stronger impact on the shape of the energy surface
than did the two focal points on the z-axis of the
prolate ellipsoid in Section . Indeed it will be seen
that instead of just one singular point there appears
a singular line dividing the energy surface into two
parts.

The rotational symmetry with respect to the y-axis
implies again the constancy of the corresponding an-
gular momentum. Computation of the actions thus
does not lead beyond Jacobi’s elliptic integrals.

We adapt the coordinates (&, 7, ) to the new rota-
tional symmetry:

1 1
(:L'vy’z) = (E 577 Cos ¢, :tAv 5571 sin 90> ’

1
=- V(-

(66)

a?)(a? —n?),
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with ranges
a<€<1,0<7<a,0<p<2r 67
and two sheets for the y > 0 and y < 0 halves of the
ellipsoid.
The Hamiltonian is
_1 1
“1@—p ((é2 —a’pd + (@ —nPp;}

(68)
1 1
v p“’z(F - 5_2)>

and the elastic reflection condition at the boundary
& =1 is the same as in (45). In addition, we have
formal reflections whenever the boundaries £ = a or
n = a of the coordinate sheets are reached and a
transition to the other sheet takes place. The situation
is similar to the case of the planar elliptic billiard,
except for the sheets here being only half the size in
7. The other half is generated by the rotation.

The three constants of motion are again the total
energy H = E, the angular momentum p, = P, =:
V2E|1,, and the separation constant K = 2Ex?,

2P2

2E€ — (6% — a®)pd + éz“’ = K, (69
a? P2

2En* +(a> — nP)p,} + n;’ = K. (70)

The limit @ — O in this case gives (¢,7,p) —
(r,asin, ) for the coordinates, and for the mo-
menta (p¢, Py, Pp) — (Pr,Ps/acosd,p,). But the
separation constant K becomes again the square of
the total angular momentum.

Analy51s of the allowed parameter range forl, and
? gives the following. First, it is easy to see that ly
is restricted by

-1, <1, (71)
the two extreme cases l‘j = 1 corresponding to mo-
tion along the ellipsoid’s equator: (§,7n,p¢,p,) =
(1,a,0,0). Equations (69) and (70) then imply x* =
1+ a?% For I < 1, there is a range of possible x?-
values, depending on [ 2,

i S K* < K2 (72)

maz *
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As in the prolate ellipsoid, x? assumes its maximum
for geodesic motion on the surface, i. e., for (&, p¢) =
(1, 0). This corresponds to
= 1+d?12 (73)
by (69), and an 7- range a*12 < n* < a® by (70).
The discussion of x2,,,, is a little more involved, as it
depends on whether [ ? is smaller or larger than a®

Considering (70) for p,, = 0, we may look for the
smallest poss1ble k?* by varying 172 This is found to
occur at n? = 02, = all,|, with 2,;,, = 2a|l,|. But
note that 72,;, < a?, as required by the coordinate
range (67), only if lﬁ < a*. For 12 > a? on the
other hand, x2? assumes its minimum if 7 takes on its
highest possxble value a, together with p,, being zero.
This 1mp11es KZin = * +12. To sum up, the smallest

possible x? at given I, is

2 =
Kmin = {

What is the motion like if k* = k2. ? For lv2 >

a?, since (7, Py) = (a,0), the motion takes place in
the (z, z)-plane; this is the limit of a planar circular
billiard, but with the further restriction that it stays
outside the focal circle of radius a. For 1,2 < a?, onthe
other hand, the motion takes place on the hyperboloid
n =+/a|l,|, approaching oscillation along the y-axis
asl, — 0.

But what about the planar circular billiard motion
with small angula: momentum, [> < a® ? Its x-value
is given by k? = a? + l; 2 which is larger than x2,;,. in

this range of 12, so it does not correspond to a stable
orbit. In the limit /, — O it approaches the unstable
periodic motion of the planar elliptical billiard. We
will see in connection with (86) - (88) that this motion
marks the separatrix between the two major types:
type I which crosses the (z, z)-plane outside the focal
circle, and type II which crosses inside.

Let us consider examples of the two types of in-
variant tori in their projections on the (&, p¢)- and
(n, pn)-planes. From (69) and (70) we obtain

2all,|
az+l‘p2

if 12<a?,

if 12>a2. s

f - 77«1)(52 - nz)
£2(§% — a?)

(3 — nP)(m* — n3)
7@ —n¥

pe2 = 2F
(75)

pn2 = 2F
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Fig. 9. Phase portraits of billiard mo-
tion in an oblate ellipsoid. a = 0.5,
l, = 0.2. Left: intersection of invari-
ant tori with the (£, pe)-plane; right:
intersection of invariant tori with the
(n, pn)-plane. There are obviously two
types of motion. Type I: motion where
& never gets down to a, i. e., the inner
circle is never reached; its stable cen-
ter is geodesic motion on the ellipsoid,

|

£ = 1. Type II: motion where 7 never
gets up to a, i. €., the outer ring is never
reached; its stable center is motion on
the hyperboloid 7’ = all,|. The sepa-
ratrix between the two types consists of
orbits that go through the focal circle,
§=n=a.

where n; and n; are defined by

2 K?
= 4 _4g2]2
ni2 = 5 =+ k* —4a%l;

N -

(76)
with 0<n3<n?<l.

Figs. 9 and 10 give examples of the behavior at small
and large angular momentum.

To compute the actions, we must identify a set of
fundamental paths C,,, C,, C¢ around the invariant
tori. This is different in the two cases of type I and II.
Consider first type I tori where a complete period in
¢ involves one loop from £ = n; up to 1 and back to
ny, whereas the n-loop has to cover both coordinate
sheets.

I, 1

I, = =— = [,
1 /—ZE ZWﬁ /-—‘P @

tion in an oblate ellipsoid. a = 0.5,
» = 0.8. Left: intersection of invari-

intersection of invariant tori with the
(1, py)-plane. There is only type I mo-
tion, and no separatrix.

%a Fig. 10. Phase portraits of billiard mo-
k l
ant tori with the (, p¢)-plane; right:

= In 1 pn
L=7F 27r7{
/ (nf — )" —nj) dny
a? — n? n’
an
I3 =
2E 27r 2 \,/2E
/ (€ —nh(E* -nd) d§
_a2 §

Evaluation of the integrals leads to the following re-
sults. With
2_ 2 2 2

) a°—nj 2_M,2 .2, _1-n
k2= m,a _Ek,sm d}_l—az’ (78)
the n-action is
2 2 1 2
L=2 /2 —nd (Ek) - (1 — ¥ 22 I, k)),
T a

(79)
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whereas I, is given in terms of incomplete elliptic
integrals,

—(1 —k:z)\/n1 —n2

x(ﬂ(zp,l,k) L H(w, k) (80

—{l— %) Fb, k)>.

In type II tori, the path C,, performs one n-loop
from n; up to n; and back to n,, whereas C¢ involves
two £-loops from a to 1 and back. The result for the
actions involves parameters

2 2

2
2 _ "1—"2 2 .3 _l—a
k az—nz g° = 2 k?, sin X_l—n%'(SI)
We find
1 2
L = ~y/a?—n} <£(k) — (1= 2Kk
™ a (82)
—<1—k2 H(ﬂ2 k)),
and
2
I = =(1-k»4/a? —n}
T (83)

2 2
(U(X,l k) — —ZIT(X, k))

Figure 11 shows a typical energy surface of this
kind. It consists of two disconnected parts, represent-
ing type I and type II motion respectively. Type I
occurs at large I,, and small I¢; at the transition to-
wards type II, I, is reduced by a factor 1/2 whereas
I is enlarged by a factor of 2.

Let us discuss the special cases of stable criti-
cal tori, begmmng with I, = 0. ThlS is different
for 12 > a? (type I) and 12 < a? (type II). For
type I we get I, = 0 if (n,pn) = (a 0) and there-
fore k? = a? +l<p, n} =12, n} = o’ The param-
eters of the elliptic 1ntegrals are k* = o® = 0 and
sin?9 = (1 —12)/(1 — @?). Using the limiting be-
havior of elliptic integrals, I7(1,1,0) = tan and
II(y, N,0) = arctan (/1 — N tan®)/+/1 — N ,and
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Fig. 11. Energy surface for billiard motion in an oblate ellip-
soid. I is the angular momentum component with respect
to the symmetry axis; I is the action of 7-motion; I3 is
the action of £-motion. The surface consists of two discon-
nected sheets, separated along the line of unstable motion

in the equatorial plane with angular momentum li < o,

defining the angle ¢ by cos ¢ = [,,, we get the familiar
result

If'_'

: iE (sing — ¢ |cosg|), (1% =cos®¢ > a?)
(84)

for planar circular billiards, cf. (4). For lw2 < a?, or
type II motion, on the other hand, the action I, van-
ishes if (,p,) = (1/al,,0) and thus k* = 2all,|,
n? = n3 = all,|. The parameters of the elliptic inte-
grals are k? = 3% = 0and sin” x = (1—a?)/(1—all,|).
Using again the appropriate limiting formulas for

II(x, N,0), we find

I

2
SV1=2 = 1), ] ——
s a+|l|

Ctan\/(a+|l“,|)(1—a2) ) (85)

2 2
(; <a).

This is the action of motion restricted to the surface
of a hyperboloid n* = a|l,,| which in the limit [, = 0
reduces to stable oscillatory motion along the y-axis.

The orbits of the planar circular billiard which cross
the focal circle, I> < a?, are not characterized by

I, = 0. Rather the; produce here the separatrix. Their
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parametrization is different for the parts inside and
outside that circle. The inner part is given by £ = a
and [? < n* < a?, the outer part by 7 = a and
a? < € < 1. The corresponding action integrals are
elementary, the only point that needs some caution
being the choice of paths that give the correct limits
in the two cases of type I and type II orbits. With

Jti= % a(siny — ¢ |cos?|) and

; (86)
I, =~ (sing — ¢|cosd]) — I,
where
lp
cosp=1, and cosy = . 87)
we have
2I. typel I, typel
I = < type d Be= > type ‘
I. typell 2I5 typell
(88)

® is the angle between the trajectory and the tangent
to the focal circle at the point of crossing. It is O for
lvf = a? so that I;,, = 0, and grows to 7/2 when ¢ =

7/2;then wehave I;, /v2E =a/mand I,,;/V2E =
(1 -a)/m.

In the limit I, = 0, we find from (76) n; = &
and n, = 0. For type I motion, k > a, this implies
k? = a®/k?, a? = 1,and sin® ¥ = (1 — £?)/(1 — a?);
the results (79) and (80) reduce to (23) and (25),
respectively. For k < a, or type II motion, we have
k? = k2/a?, 3% = 1, and sin? x = (1 — a?)/(1 — k?).
Equation (82) then gives half the value of I, according
to (29), and (83) reduces to the I, from (30).

Finally, when I, = O we have geodesic motion on
the surface of the ellipsoid, (&, p¢) = (1,0), and

K=1+a¥l?, ny=1, nj=a%l?

)

_ad(1-1)

k2 - 2 k2

T—au2 ' * T
@
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so that (79) reduces to

I, = 2V:E (, 1= a2 £k)
+ Mﬂ(a27k)> )
/1 —a#l2

The periodic orbits corresponding to the corners of
the energy surface are the following:

1. I, =1,=0,I;/V2E =2v1 — a? /7: linear

oscillatory motion along the y-axis;

2.1, =I; =0, I,/V2E = 2E(a)/7: geodesic
motion along an ellipse £ = 1, ¢ =const;

3. I;=1,=0,1,/V2E = £ 1: geodesic motion
along the equator, the direction depending on
the sign of I,.

6. Outlook

Jacobi’s 26th lecture on Dynamics [17] is de-
voted to a discussion of elliptic coordinates for n-
dimensional quadrics. It starts with the phrase: “Die
Hauptschwierigkeit bei der Integration gegebener
Differentialgleichungen scheint in der Einfiihrung der
richtigen Variablen zu bestehen, zu deren Auffindung
es keine allgemeine Regel giebt.”* It was one of his
many great achievements to have found such a set of
variables, and thereby to solve the problem of finding
the geodesics on an n-dimensional ellipsoid.

In the special case of three dimensions it has
turned out that Jacobi’s elliptic coordinates and their
various limiting cases (of which there are ten dif-
ferent, including rectangular, cylindrical, spherical,
conical, and paraboloidal coordinates) are the only
coordinates that allow separation of the Hamilto-
nian of free motion, and correspondingly in wave
mechanics, of the Laplacian operator [2]. The key
to Jacobi’s success was the mutual orthogonality of
sets of confocal quadrics of which he remarks with
some pride on page 208 of [17]: “Die Sitze iiber
confocale Oberflichen zweiten Grades ... gehoren

4“The main difficulty with integrating a given set of differential
equations seems to be the introduction of the right variables for
which there is no general rule.”
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zu den merkwiirdigsten der analytischen Geometrie;
ich habe einige der wichtigsten ... zuerst bekannt
gemacht.”

The general three dimensional ellipsoid

2 yz &
—_—= <b<
x+1—b2+1—a2 1, 0<b<a<l 91

is conveniently described by coordinates (¢, 7, ()
whose relation to (z, y, z) is the following:

&g @ —BaE - P& -

(33,1/72) = (

b ) 212 )
a bva*-b ©92)
V(€ — a?)(@® —1)@? - () )
ava® —b?
with coordinate ranges
0<(<b<n<a<e<l. 93)

Surfaces £ =const are confocal ellipsoids, i. e., their
sections with the (z, y)-plane are ellipses with foci at
(z,y) = (b,0); their sections with the (z, z)-plane are
ellipses with foci at (z, z) = (a, 0); and their sections
with the (y, z)-plane are ellipses with foci at (y, 2) =
(Va2 —b2,0).

Surfaces 7 =const are confocal one-sheet hyper-
boloids, i. e., their sections with the (z,y)-plane
are ellipses with foci at (z,y) = (b,0); their sec-
tions with the (z, z)-plane are hyperbolas with foci at
(z, 2) = (a, 0); and their sections with the (y, z)-plane
are hyperbolas with foci at (y, 2) = (Va? — b2, 0).

Surfaces ¢ =const are confocal two-sheet hyper-
boloids, i. e., their sections with the (z, y)-plane are
hyperbolas with foci at (z,y) = (b,0); their sec-
tions with the (x, z)-plane are hyperbolas with foci
at (z,z) = (a,0); and they don’t have intersections
with the (y, z)-plane.

As we shall not derive explicit results in this general
case, we ignore here the question of the number of
coordinate sheets needed to cover the ellipsoid and
particular tori.

5“The theorems on confocal surfaces of second degree . .. are
among the noteworthiest in analytical geometry; I was first to have
made known some of the most important ones . ..”
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The Hamiltonian H of free motion inside the ellip-
soid £ = 1 is easily computed,

_@-ade-» ,
@-me-ok
@ =Y =)
E - ="
@ - -¢3 ,

T Ee-om -

2H

4

and the elastic reflection at the boundary £ = 1 is
described by

(Ea"’v C,PE,PmPC) . (ﬁa n, C’ —pfipn,p() . (95)
The separation of variables is done in two steps, as
there are two separation constants k; and k,. The re-
sult can be expressed in terms of the three projections
of invariant tori on the (&, ¥)-, (1, py)-, and (¢, p¢)-
planes respectively:

2 _ & -k —k
I i R
4 2
2 —n*+kin° +k;
o= e pa-n O
4 _ 2
p? = 2E C =k —ky (98)

(@ - -¢H

Once this separation is achieved, the computation of
actions is straightforward — in principle. We leave
it for future work, or invite the reader to do it as
an extended exercise. The task involves two steps.
First, the scheme of bifurcations, or the phase diagram
in (k1, k2)-parameter space, must be established, and
second, hyperelliptic integrals must be evaluated. The
first part requires nothing more than an elementary
discussion of the various possible ways in which the
zeroes of the polynomial P(t) = t2 — kit — k; can
be located in relation to a® and b?. The evaluation
of hyperelliptic integrals must be done numerically.
It will be interesting to see how the energy surfaces
come out to look like.

We remark at the end that with the same tools a
number of further problems can be settled [5]. First,
the billiard boundary need not be the ellipsoid £ = 1;
it could be any region bounded by surfaces £ =const,
1 =const, and { =const. Second, as already noted
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by Jacobi, the motion need not be free. A harmonic
potential with the center at the origin may be added
without spoiling the integrability. This introduces an
interesting energy dependence of the energy surfaces,
starting with harmonic oscillator behavior at low en-
ergy, and ending with the surfaces discussed here,
as energy tends to infinity. The bifurcation scheme
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